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Abstract
In this paper a result of A. Illanes and J.J. Charatonik obtained in [J.J. Charatonik, A. Illanes, Mappings on dendrites, Topology
Appl. 144 (2004) 109–132, Corollary 5.14] is extended, by showing that a locally connected continuum X has the nonwandering-
eventually-periodic property. (ΩEP-property) iff X is a dendrite that does not contain a homeomorphic copy of the null-comb.
Also using “An engine breaking the ΩEP-property” constructed by P. Pyrih et al. in [P. Pyrih, J. Hladký, J. Novák, M. Sterzik,
M. Tancer, An engine breaking the ΩEP-property, Topology Appl. 153 (2006) 3621–3626] the results obtained in [J.J. Charatonik,
A. Illanes, Mappings on dendrites, Topology Appl. 144 (2004) 109–132; H. Méndez-Lango, On the ΩEP-property, Topology
Appl. 154 (2007) 2561–2568] and [P. Pyrih, J. Hladký, J. Novák, M. Sterzik, M. Tancer, An engine breaking the ΩEP-property,
Topology Appl. 153 (2006) 3621–3626] are extended, by proving that every nonlocally connected continuum X that contains a
nondegenerate arc A and a point p ∈ A such that X is not connected in kleinen at p does not have the ΩEP-property. Answering
Question 1 of [P. Pyrih, J. Hladký, J. Novák, M. Sterzik, M. Tancer, An engine breaking the ΩEP-property, Topology Appl. 153
(2006) 3621–3626]. Finally an uncountable family of non-locally connected continua containing arcs with the ΩEP-property is
shown.
© 2007 Published by Elsevier B.V.
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1. Introduction
Since dendrites have often appeared as Julia Sets in complex dynamical systems (see [20], for example) the dynam-
ical behavior or their self-mappings is both important and interesting in the study of dynamical systems and continuum
theory. In ([1], [6], [12], [13] and [15]) several results concerning trees and dendrites were obtained. In these studies
especially valuable are results that tie properties of mappings f :X → X with the topological structure of the space X.
Such results show that some topological objects, in particular some classes of dendrites, can be described using two
rather far methods: topological or even geometrical, one that presents their internal structure and a functional method,
that exhibits mapping properties which characterize the studied space.
In [13, Theorem 2, p. 222] A. Illanes characterized dendrites X that have the PR-property (closures of the sets of
periodic and of recurrent points are equal for each self-mapping on X) as those which do not contain any topological
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X with finitely many branch points the difference between cardinalities of the sets Ω(f ) and P(f ) can be arbitrarily
large if and only if X contains a topological copy of the fan Fω. Also the results obtained in [1],[3] and [12] are
extended in [8, Corollary 5.14] by proving that a dendrite X has the ΩEP-property if and only if it does not contain a
topological copy of the null comb.
In Section 3 we extend this result by showing that a locally connected continuum X has the ΩEP-property iff X is
a dendrite that does not contain a homeomorphic copy of the null-comb.
In [8, Theorem 5.15] it is proved that The Cantor Fan does not have the ΩEP-property, in [16] H. Méndez-Lango
proved that sin( 1
x
)-curve does not have the ΩEP-property answering Question 5.5 of [8]. In [19, Section 5 (Fig. 2)]
a function is constructed that allows to break the ΩEP-property in the harmonic fan and sin( 1
x
) curve. In Section 4
these results are extended by proving that every continuum X that contains an arc A and a point p ∈ A such that X is
not connected in kleinen at p does not have the ΩEP-property, answering Questions 1 of [19]. The main result of [7],
is false, it contradicts results by [16] and [19] and the results of this paper.
Finally an uncountable family of nonlocally connected continua containing arcs with the ΩEP-property is shown.
2. Notation and preliminaries
By a space we mean a metric space, and a mapping means a continuous function. We use N and R to denote
the positive integers and the real numbers. For A ⊂ X we denote clX(A), bdX(A), intX(A) and (A)′ the closure, the
boundary, the interior and the set of accumulation points of A in X, correspondingly. We will omit the subscript X in
case when the meaning of the space X is clear. The symbol card(A) stands for the cardinality of A, diam(A) means
the diameter of A and dim(A) is the dimension of A.
Given two sets A and B, A−B denotes the set theoretical difference of A minus B.
Z = E | F means Z = E ∪ F, where E and F are nonempty mutually separated sets
If p and q are points lying in the plane, then pq stands for the straight line segment joining p and q.
For a space X, a mapping f :X → X and n ∈N we denote by f n the nth composition of f, and by f 0 the identity
mapping.
Let X be a metric space and let f :X → X be a mapping of X to itself. A point x of X is said to be:
– a periodic point of f provided that there is n ∈ N such that f n(x) = x; if moreover, f k(x) = x for all integers k
with 1 k < n, then x is called a periodic point of period n;
– an eventually periodic point of period n ∈ N provided that there exists m ∈ {0} ∪N such that f m(x) is a periodic
point of f of period n;
– an eventually periodic point for f provided that there is n ∈N such that x is an eventually periodic point of period
n ∈ N for f ;
– a nonwandering point of f provided that for any open set U containing x there exist y ∈ U and n ∈ N such that
f n(y) ∈ U.
Note that if the orbit of x is defined by orb(f ;x) = {f n(x): n ∈ {0} ∪ N}, then x is eventually periodic if and
only if orb(f ;x) is finite, or equivalently if some element of orb(f ;x) is periodic. For a mapping f :X → X the sets
of periodic points, eventually periodic points and nonwandering points of f will be denoted by P(f ), EP(f ), and
Ω(f ), respectively.
A space X is said to have:
– the nonwandering-eventually-periodic property (ΩEP -property) provided that for every mapping f :X → X the
inclusion Ω(f ) ⊂ clXEP(f ) is satisfied.
A continuum is a compact, connected, metric space, endowed with a metric d . Let x ∈ X, A ⊂ X and ε > 0 denote
by
B(ε, x) = {y ∈ X: d(x, y) < ε}, N(ε,A) = {p ∈ X: there isa ∈ A such thatd(a,p) < ε}.
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we consider this hyperspaces with the Hausdorff metric H defined by H(A,B) = inf{ε > 0: A ⊂ N(ε,B) and B ⊂
N(ε,A)}.
A continuum is decomposable if it can be written as the union of two proper subcontinua; indecomposable if it is
not decomposable.
An arc means a space homeomorphic to the closed unit interval [0,1]. A simple closed curve means a space home-
omorphic to the unit circle S1. A dendroid is an arcwise connected and hereditarily unicoherent continuum, a dendrite
is a locally connected dendroid and can also be defined (see [5]) as a locally connected continuum containing no simple
closed curves. Dendroids are uniquely arcwise connected; every subcontinuum of a dendroid is a dendroid; dendroids
are hereditarily decomposable, one-dimensional and acyclic, see [14, p. 193]. Let X be a dendroid if p,q ∈ X, let pq
denote the only arc in X that joins p and q.
A point p ∈ X is called a ramification point of X provided that there exists three different arcs A1, A2 and A3
such that the intersection of any two of them is p. For a continuum X we denote the set of ramification points of X
by R(X).
For n ∈ N let pn = ( n−1n ,0), qn = ( n−1n , 1n ), and W = (0,0)(1,0) ∪
⋃{pnqn: n ∈ N}, then dendrite W is homeo-
morphic to the null comb described in [2, p. 3].
We will follow the notation of Borsuk from [4] in defining AR(M) to be the class of metric continua which are
absolute retracts.
3. The ΩEP-property in locally connected continua
In this section it is shown that a locally connected continuum has the ΩEP-property if and only if it is a dendrite
that does not contain a homeomorphic copy of the null comb.
Theorem 3.1. The simple closed curve S1 does not have the ΩEP-property.
Proof. Let f :S1 → S1 be an irrational rotation, then for every x ∈ S1, orb(f ;x) is dense in S1. Thus Ω(f ) = S1,
EP(f ) = ∅ and the ΩEP-property is not satisfied. 
Lemma 3.2. Let X be a locally connected nondegenerated continuum such that dim(X) = 1 then X has the ΩEP-
property if and only if X is a dendrite that does not contain a homeomorphic copy of the null comb.
Proof. If X is not a dendrite, X contains a simple closed curve S1. By [18, Excercise 18.8], there exists a retractrion
r :X → S1 thus, combining Theorem 3.1, and [8, Proposition 5.1] it is obtained that X does not have the ΩEP-
property. If X is a dendrite, by [8, Corollary 5.14] the lemma follows. 
Lemma 3.3. Let X be a locally connected continuum with an arc A such that A has infinitely many ramification
points, then X contains a homeomorphic copy of the null comb.
Proof. Since A is compact and R(A) is infinite there exists x ∈ A such that x ∈ (R(A))′. Since A is a homeomorphic
copy of the interval [0,1], consider the natural order inherited by A. Let {xn}∞n=1 ⊂ R(A) such that, limn→∞ xn = x.
Since A is an arc there exists a monotone infinite subsequence {xni }∞i=1 of {xn}∞n=1, we may assume that xn1 < xn2 <· · · < x, and of course limi→∞ xni = x. Since xni ∈ R(A) there exists pi ∈ X −A and an arc Bi from pi to xni in X,
such that Bi ∩A = {xni }. By hypothesis X is locally connected, thus there is an open arcwise connected neighborhood
Ui of xni such that diam(Ui) < 1i and xnj /∈ Ui for every j = i. Let ai ∈ Ui ∩ (Bi − {xni }). Then the arc Ai = aixni
is contained in Bi and diam(Ai) < 1i . It is easy to show that Y = xn1x ∪
⋃{Ai : i ∈ N} is homeomorphic to the null
comb and the lemma is proved. 
Lemma 3.4. Let X be a locally connected continuum such that X contains an indecomposable continuum Y and an
arc A such that card(A∩ Y) is infinite, then X contains a homeomorphic copy of the null comb.
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monotone sequence z1 < z2 < · · · < z ⊂ A∩Y such that limn→∞ zn = z. Also, since X is locally connected, for every
k ∈ N there exists an open arcwise connected neighborhood Uk of zk such that diam(Uk) < 1k , and Uk ∩ {zn: n ∈
N} = {zk}. Let k ∈ N, then zk ∈ A ∩ Y and zk ∈ Uk. Since Y is indecomposable, Y contains uncountable many
composants that are dense in Y and that are not contained in A (see [11, Theorems 3-46, 3-44, 3-47]). Thus, there
exists yk ∈ (Uk ∩ Y)−A, also since Uk is arcwise connected there exists an arc Ak ⊂ Uk joining yk and zk.
Let W0 = A∪⋃k∈NAk, then W0 contains a homeomorphic copy of the null comb and the lemma is proved. 
Theorem 3.5. Let X be a locally connected continuum such that dim(X) 2, then X contains a homeomorphic copy
of the null comb W.
Proof. By [18, 19.14] X contains a nondegenerate indecomposable continuum Y. Assuming that the theorem does not
hold, by Lemma 3.3 and Lemma 3.4 for every arc A in X, A contains finitely many ramification points and card(A∩Y)
is finite. We are going to obtain a contradiction by showing that there is an arc B in X such that card(B ∩Y) is infinite.
In order to prove this, fix a point x1 in Y and B1 an arc in X such that x1 is an end point of B1. Let U1 be an arcwise
open connected neighborhood of x1 such that R(X) ∩ B1 ∩ U1 ⊂ {x1}, B1 is not contained in U1, diam(U1) < 1 and
B1 ∩U1 ∩ Y ⊂ {x1}. Let x2 ∈ (Y ∩U1)−{x1}. Choose an arc B2 in U1 joining x1 and x2. Notice that B1 ∩B2 = {x1},
so B1 ∪ B2 is an arc. Let U2 be an arcwise open connected neighborhood of x2 such that R(X) ∩ B2 ∩ U2 ⊂ {x2},
B1 ∩ U2 = ∅, U2 ⊂ U1, diam(U2) < 12 and B2 ∩ U2 ∩ Y ⊂ {x2}. Let x3 ∈ (Y ∩ U2) − {x2}. Choose an arc B3 in U2joining x2 and x3. Notice that (B1 ∪B2)∩B3 = {x2}, so B1 ∪B2 ∪B3 is an arc containing three different points of Y .
Proceeding in this way it is possible to construct an arc B = clX(B1 ∪B2 ∪B3 ∪ · · ·) containing infinitely many points
of Y . This contradiction completes the proof of the theorem. 
Now we are ready to prove the main result of this section.
Theorem 3.6. Let X be a locally connected continuum, X has the ΩEP-property if and only if X is a dendrite that
does not contain a homeomorphic copy of the null comb.
Proof. The sufficiency is proved in [8, Corollary 5.14]. We prove the necessity. The case in which dim(X) = 1 is
proved in Lemma 3.2. Assume then that dim(X) 2, by Theorem 3.5, X contains a homeomorphic copy of the null
comb. Since the null comb is a dendrite (see [2]), then, by [4] it is an absolute retract (AR(M)). By [8, Proposition 5.1],
X does not have the ΩEP-property and the theorem is proved. 
4. The ΩEP-property in nonlocally connected continua
Theorem 4.1. Let X be a continuum with an arc A and a point p ∈ A such that X is not connected in kleinen (cik)
at p, then X does not have the ΩEP-property
Proof. Consider an arc pb ⊂ A, b = p and z ∈ pb−{p,b}. Since X is not cik at p, there exists an open neighborhood
of p such that for every open set W ⊂ U, with p ∈ W, p is not in the interior of the component of clX(W) that
contains p.
Let V ⊂ U be such that p ∈ V ⊂ clX(V ) ⊂ U and
(∗) pb∩ clX(V ) is an arc pw with p <w < z < b in the natural order of arc pb.
Let Cp be the component of clX(V ) that contains p and choose δ1 > 0 such that B(δ1,p) ⊂ V. Thus, there exists
a point p1 ∈ B(δ1,p) − Cp. Let C1 the component of clX(V ) that contains p1 and ε1 = min{ d(C1,Cp)2 , 122 }. Thus,
the set clX(V ) − N(ε1,Cp) is nonempty, closed and does not intersect Cp. Hence, by [17, Theorem 5.2 (Cut wire
Theorem)], there exists a separation of clX(V ) = L1 | K1 such that p1 ∈ clX(V ) − N(ε1,Cp) ⊂ L1 and Cp ⊂ K1.
Notice that L1, K1 are closed in X, Cp ∩L1 = ∅, H(Cp,K1) < ε1 and p ∈ intX(K1).
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K1 that contains p2 and ε2 = min{ d(C2,Cp)2 , 123 }. Thus, the set K1 −N(ε2,Cp) is nonempty, closed and does not inter-
sect Cp. Hence, there exists a separation of K1 = L2 | K2 such that p2 ∈ K1 −N(ε2,Cp) ⊂ L2 and Cp ⊂ K2. Notice
that L2, K2 are closed in X, L1 ∩L2 = ∅, Cp ∩L2 = ∅, clX(V ) = L1 ∪L2 ∪K2, Cp ⊂ K2 ⊂ K1, H(Cp,K2) < ε2
and p ∈ intX(K2).
Continuing inductively this process it is possible to construct:
(a) A sequence of disjoint closed sets L1,L2, . . . ,
(b) a sequence of nested closed sets K1 ⊃ K2 ⊃ · · · , such that
(i) Cp =⋂ {Ki : i ∈ N},
(ii) Cp ∩Li = ∅ for every i ∈ N,
(iii) clX(V ) =⋃{Li : i ∈N} ∪Cp.
In [19, Sections 4 and 5] a map ψ : [0,1] → [0,1], called the advanced function ψ was constructed with the
following properties:
(ψ1) ψ(r) = 13 for every r ∈ [0, 116 ],
(ψ2) orb(ψ;0) = {ψn(0): n ∈ {0} ∪ N} is an infinite sequence of different points such that ψ2n(0) → 34 and
ψ2n+1(0) → 14 ,
(ψ3) There is a monotone infinite sequence x0 = ψ3(0) < x1 < x2 < · · · < x = ψ(0) = 13 such that limn→∞ xn =
x = ψ(0)
(ψ4) For every n ∈N there exists mn ∈N such that ψmn(xn) = 0.
Using a homeomorphism h : [0,1] → pb such that h(0) = p, h(1) = b, h( 116 ) = z, we define h(xn) = yn,
h( 14 ) = q, h( 13 ) = s and h( 34 ) = t. Now we define λ :pb → pb as λ(x) = h ◦ ψ ◦ h−1(x), it is easy to check that
λ satisfies the following properties:
(λ1) λ(v) = s for every v ∈ pz;
(λ2) orb(λ;p) = {λn(p): n ∈ {0} ∪ N} is an infinite sequence of different points such that λ2n(p) → t and
λ2n+1(p) → q;
(λ3) There is a monotone infinite sequence y0 = λ3(p) < y1 < y2 < · · · < y = λ(p) = s such that limn→∞ yn =
y = λ(p);
(λ4) For every n ∈ N, there exists mn ∈ N such that λmn(yn) = p.
Now we are ready to define a map f : clX(V )∪ pb → pb as follows:
f (v) =
{
yi, if v ∈ Li,
s, if v ∈ Cp,
λ(v), if v ∈ pb.
(1)
By conditions (∗), (ii) and (iii), f is a well defined continuous function. By [10, Theorem 5.1] (Tietze’s Extension
Theorem), there exists F :X → pb such that F |clX(V )∪ pb = f.
Notice that, for every n ∈ N we have f (yn) = λ(yn) ∈ pb. Moreover if mn is as in (λ4),then f mn(yn) =
hψh−1(yn) = h(0) = p. Hence, for each k ∈ N, f mn+k(yn) = f k(p) = λk(p) = h(ψk(0)). By (ψ2), the set
{f mn+k(yn): n ∈ N} is infinite. Thus, {Fmn+k(yn): n ∈ N} is infinite. Therefore yn /∈ EP(F ) for each n ∈ N. Sim-
ilarly, s /∈ EP(F ). Since F(V ) = f (V ) ⊂ {yn: n ∈N} ∪ {s}, we conclude that V ∩ EP(F ) = ∅ and p /∈ clX(EP(F )).
Also notice, that for every open set W that contains p, there exists n ∈ N and x ∈ W such that x ∈ W ∩Ln. Hence,
F(x) = yn, by condition (λ4) there exists mn ∈ N, such that Fmn+1(x) = p ∈ W. Thus, p ∈ Ω(F).
Therefore, Ω(F) is not contained in clX(EP(F )), X does not have the ΩEP-property and the theorem is
proved. 
Theorem 4.2. There exists an uncountable family of nonlocally connected continua that have the ΩEP-property.
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satisfies that the only maps from K to K are the identity and the constant maps. Thus, for every subcontinuum K of
M1and every f :K → K, Ω(f ) ⊂ EP(f ), and the theorem is proved. 
Lemma 4.3. Let X be the ray [0,∞) then, X has the ΩEP-property
Proof. The proof follows exactly as in [3, Theorem C]. 
Theorem 4.4. There exists an uncountable family F of nonlocally connected continua containing arcs, such that each
member of the family has the ΩEP-property.
Proof. Consider M1 as in Theorem 4.2, for every nondegenerate subcontinuum K of M1, let SK = [0,∞) ∪ K be a
metric compactification of the ray with remainder K and define F= {Sk: K is a nondegenerate subcontinuum of M1}.
Consider Sk ∈ F and f :Sk → SK a map.
To prove Sk has the ΩEP-property, we consider three cases.
Case 1. f (SK) ⊂ K.
Since K does not contain arcs, we have that f is a constant map and the property Ω(f ) ⊂ EP(f ) is satisfied.
Case 2. f (SK) ⊂ [0,∞)
Since SK is compact the f (SK) ⊂ [a, b] for some a, b ∈ [0,∞) with a < b (if a = b, then f is a constant map).
Notice that:
(a) Ω(f ) ⊂ [a, b],
(b) for every ε > 0, Ω(f | [a − ε, b + ε]) ⊂ [a, b] and
(c) for every y ∈ (a − ε, b + ε) and every n ∈N, f n(y) = (f | [a − ε, b + ε])n(y).
Now we prove that Ω(f ) = Ω(f | [a − ε, b + ε]).
(⊆) Let x ∈ Ω(f ) ⊂ [a, b] and Vx an opens set of [a − ε, b + ε] containing x, then there exists an open set Ux
of SK such that Vx = Ux ∩ [a − ε, b + ε], consider Wx = Ux ∩ (a − ε, b + ε), then x ∈ Wx ⊂ Vx and Wx is open
in SK thus, there exists y ∈ Wx ⊂ Vx and n ∈ N such that f n(y) ⊂ Wx, hence (f | [a − ε, b + ε])n(y) ⊂ Vx and
x ∈ Ω(f | [a − ε, b + ε]).
(⊇) Let x ∈ Ω(f | [a − ε, b + ε]) ⊂ [a, b] and Ux and open set of SK such that x ∈ Ux, then x ∈ Vx = Ux ∩ (a −
ε, b + ε) and Vx is open in [a − ε, b + ε], thus there exists y ∈ Vx and n ∈ N such that (f | [a − ε, b + ε])n(y) ⊂ Vx,
hence f n(y) ⊂ Ux and x ∈ Ω(f ).
From both contentions we have proved that Ω(f ) = Ω(f | [a − ε, b + ε]).
Now it is easy to see that EP(f | [a − ε, b + ε]) ⊂ EP(f ) and by [3, Theorem C], Ω(f | [a − ε, b + ε]) ⊂
cl[a−ε,b+ε]EP(f | [a − ε, b + ε]). Since Ω(f ) = Ω(f | [a − ε, b + ε]), we have that Ω(f ) ⊂ cl[a−ε,b+ε]EP(f |
[a − ε, b + ε]) ⊂ clSK EP(f | [a − ε, b + ε]) ⊂ clSK EP(f ), thus the ΩEP-property is satisfied for case 2.
Case 3. f (SK)∩ [0,∞) = ∅ and f (SK)∩K = ∅.
In this case we have that f | [0,∞) : [0,∞) → [0,∞), thus Ω(f )∩ [0,∞) = Ω(f | [0,∞)).
By Lemma 4.3, we have that Ω(f | [0,∞)) ⊂ cl[0,∞)EP(f | [0,∞).
Since clSK EP(f | [0,∞)) ⊂. clSK EP(f ), and f | K :K → K is the identity map thus, K ⊂ Ω(f ) and K ⊂ EP(f ),
we have that Ω(f ) = (Ω(f ) ∩ K) ∪ (Ω(f ) ∩ [0,∞)) = K ∪ (Ω(f ) ∩ [0,∞)) ⊂ K ∪ cl[0,∞)EP(f ) ⊂ clSK EP(f ),
thus we obtain that Ω(f ) ⊂ clSK EP(f ) and case 3 is proved.
By cases 1, 2 and 3 we obtain that SK satisfies the ΩEP-property, thus every member of the family F has the
required properties and the theorem is proved. 
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